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The super-five-brane is one of fundamental objects of M-theory, and its existence 
reflects or causes important duality chains connecting D = 11 supergravity with D = 10 
string theories, and string theories among themselves. A complicated dynamics of 5- 
branes also gives rise to a new important class of d = 6 superconformal field theories, 
which, in their own turn, are related to four-dimensional quantum N = 2 super- Yang- 
Mills theories. 

Thus, understanding various features of classical dynamics of the 5-brane should be 
useful for further developments in this field of research. 

Some of these properties, especially the structure of 5-brane symmetries have found 
to be rather peculiar and unexpected from the point of view of previous superbrane 
experience. And in this contribution I would like to discuss what we have learned about 
properties of the 5-brane of M-theory by studying its worldvolume action. 

The points to be considered are: 

i) the structure and symmetries of the M-5-brane action; 

ii) M-theory supertranslation algebra as an algebra of Noether charges of the 5-brane; 

iii) 5-brane equations of motion an their relation to geometrical conditions of superem- 
bedding 5-brane worldvolume into D = 11 target superspace. 

A 5-brane was first observed as a solitonic solution of D = 11 supergravity equations 
of motion It was realized that this soliton preserves half the supersymmetry of a 
D — 11 vacuum (i.e. 16 supercharges of 32). Hence, an effective theory describing small 
fluctuations of the 5-brane should be a d = 6 worldvolume theory with 16 linearly realized 
(chiral) supersymmetries. A linear on-shell d = 6 supermultiplet of this supersymmetry 
consists of 5 scalars, a self-dual (or chiral) two-form field, which carries 3 physical degrees 
of freedom and 8 fermions. The 5 scalars and 8 fermions are associated with fluctuations 
of the 5-brane in target N = 1 D = 11 superspace along directions transversal to the five- 
brane worldvolume, while the self-dual field intrinsically propagates in the worldvolume. 

The presence of this chiral field caused a main problem for the construction of the 
5-brane action. This problem is generic for the Lagrangian description of all self-dual 
fields and is twofold: 

i) one should construct an action which produces the self-duality condition as an 
equation of motion, and 

ii) keep space-time covariance of the construction manifest. 

The latter is desirable, since, as usual, space-time covariance substantially simplifies 
coupling the fields to gravity and supergravity. 

Before presenting the complete 5-brane action consider how both these problems can 
be solved in the case of a free two-form field B mn {y) (m, n = 0, 1, 5) in d = 6, whose 
three-form field strength = dB^ is self-dual on the mass shell || 

j_jm\m,2m3 j^*m,\m,2'mz m\m2rn^m4m^rne j_£ M\ 

A covariant action f2|, which yields (|]) as a consequence of the equation of motion, 
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can be written in two equivalent forms 

S = J d e y[-^H mnp H mnp + l -{H* mn - H mn )(H* mn - H mn )}, (2) 

J <Py{~H*™H* mn + \H*™H mn ), (3) 

where by definition H mn = H mnp v p , H^ n = H* mnp v p , and the vector v p = ^/ dp ^ ^ 2 is a 

normalized gradient v p v p = —1 of an auxiliary scalar field a(y) which is in charge of the 
manifest Lorentz covariance of the actions. 

The first form (|2|) of the action clearly exhibits the difference of the self-dual action 
from the action of a nonchiral two-form field. This difference is in the presence of an 
additional term in (0) quadratic in the anti-self-dual part of H^ 3 \ 

The second form of the action ([3]) turns out to be the most suitable for the general- 
ization to a complete non-linear 5-brane action, as we shall see below. 

In addition to ordinary gauge symmetry SB^ = d^ l \y) the action (0), (^|) is invariant 
under two more symmetries with a one-form and scalar parameter, respectively: 

SB® = daA (y) , 5a{y) = 0; (4) 

6a = <j>{y), SB mn = (H* mn -H mn ). (5) 

'-(da) 2 



The first of these symmetries is responsible for the fact that the second-order differential 
equation 

-J^~ = e mn ^ s d p {v q H; s ) = (6) 

reduces to the first-order self-duality condition ([J) (see for details). One should antici- 
pate the presence of this symmetry in the self-dual action since the self-dual (chiral) field 
carries twice less physical degrees of freedom than the non-chiral one, and, hence, there 
should be more local symmetries to eliminate redundant degrees of freedom contained in 

The third local symmetry ([5]) reflects an auxiliary nature of the scalar field a(y) and 
can be used to gauge fix d m a(y) to be either time-like or space-like constant vector at 
the expense of manifest space-time covariance. As we shall see, for different applications 
it is convenient to make one or another choice of the constant vector. 

When coupled to d = 6 gravity induced by embedding of a six manifold to D = 11 
space-time, the action (g), @ can be regarded as a quadratic approximation of a highly 
non-linear 5-brane worldvolume action. The assertion that the complete action should 
be nonlinear and describe a Dirac-Born-Infeld-like (DBI) self-interaction of the chiral 
field B^ is based on an observation that double dimensional reduction of a D — 11 
5-brane down to D = 10 (i.e. when one of the 5-brane coordinates is wrapped around 
the compactified 11-th dimension) must result in a Dirichlet-4-brane whose worldvolume 
action has been known to be of a DBI-type. 

A break through in constructing the complete 5-brane action was made when a DBI 
generalization of the action for a chiral two-form field was constructed in a non-covariant 
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form in || and extended to a covariant action for a bosonic 5-bane in ||. The prescription 
how to do this now looks surprisingly straightforward. One should simply replace the 
first quadratic term in ([!]) with a DBI-like term and couple to a d = 6 metric 
9mn(y) = d m X-{y)E^Ea q d n X^-{y) induced by embedding into D — 11 target space. E- = 
dX—E^X) is a D = 11 vielbein one-form determining a basis in D = 11 tangent space. 
Underlined indices from the beginning of the alphabet (a,b = 0, 1, 10) are SO(l, 10) 
Lorentz indices and (m,n... = 0, 1, 10) are indices of D = 11 curved coordinates. 
As a result, we get the 5-brane action in the following form 

S = J d 6 y(-^/- det(g mn + H* mn ) + ^L H *™H mn ), (7) 

where now H* mim * m3 = _j= e ™i™2m 3 m 4 m 5 m 6 H m4m5m6 . 

The action (|7|) is d = 6 general-coordinate invariant, and possesses local symmetries 
analogous to (|4]) and @ (which is important for consistency) . Namely, the symmetry (|4]) 
is the same, while the variation of in ([5|) gets modified and takes the form 

Sa(y) = <Kv), SB ^-^==/-^- H rnn), (8) 



I* n\ 



Ldbi = V det (<% + H n 

It is useful to note that the form of the B^ -variation prompts the form of the generalized 
self-duality condition on which now reads that on the mass shell 



n _ o » _ 23LpBI _ B* m n ~ ^^f^mn + (^*)mn / Q \ 

n mn -n mnp v - m ^ mn - L DB i ' 1 ' 



Eq. (|D|) reduces to eq. (M in a linear approximation. 

Note that (|S|) explicitly contains the auxiliary vector v p = —j = ^ , however, as was 

shown in 0], the generalized self-duality condition can also be reformulated in terms of 
if (3) and *iJ (3) only (see eq. (24) of ref. f| for details). 

Let us now couple the 5-brane action (^) to a three form gauge field A^ 3 >(X) of D = 11 
supergravity. We should keep in mind that such coupling must not spoil local symmetries 
(fD and (pi) which guarantee the self-duality properties of the 5-brane. 

By analogy with a D-brane coupling we may assume that the worldvolume pullback 
A mnp (X(y)) = A mnp (X (y))d m X—d n X-d p X^ of the gauge field enters the 5-brane action 
through the modified field strength 

= H^ -A® = dB&> -A®. (10) 

We should require to be invariant under D = 11 gauge symmetry SA^ = d(jP^ pulled 
back into the 5-brane worldvolume. This takes place if B^ is shifted by this symmetry 

SB® = ip i2 \X(y)), 6A® = dip {2 \X(y)). (11) 
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If we now substitute instead of into eq. (^) and check whether such an action 
is invariant under @ and (§), we can easely find that the corresponding variation does 
not vanish, and the nonvanishing term is 

5S = -[ -5B {2) AdA {3) . (12) 
Jm 6 2 v ; 

It can be canceld by adding to the action (^) the term 

S 1 = -[ \dB^AA (3 \ (13) 
JM(, 2 

But this is not the end of the story since ( |T3"D is not invariant under the gauge transfor- 
mations (|11|). To compensate this nonivariance the 5-brane should minimally couple to a 
D = 11 six-form field A^(X) dual to A^ 3 \ the variation of A^ under the D = 11 gauge 
transformations being 

5A^ = d^ + ^AdA^. 
As a result we recover the 5-brane Wess-Zumino term of Aharony || 

Swz = -f l(A^ + dB^AA^). (14) 

J Ma 2 

The fields A^ and A^ are dual to each other in the sense that their field strengths are 
related through the following condition 

F (r) = dA (V - A^ A dA® = *dA® = *F^\ (15) 

where * denotes the D = 11 Hodge operation. The relation (|Tj|) has been determined 
such that it implies the equations of motion and Bianchi identities for the field A^ which 
follow from the D — 11 supergravity action 0. 

Since the field A^ is not present in the standard formulation of D = 11 supergravity, 
one may wonder if the A^ term in the Wess-Zumino action can be replaced with another 
term, which would depend on the field A^ 3 \ The only known form || ^[ of such a term 
is following 

S wz = - [ -A® A dA& - [ l -dB^ A v4 (3) , (16) 

JM 7 2 J M 6 2 

where the first term is an integral over a 7-manifold whose boundary is the 5-brane 
worldvolume A4q. This nonlocal coupling of the 5-brane to the three-form field is a man- 
ifestation of a magnetic nature of the 5-brane, and is similar to nonlocality of monopole 
coupling in D = 4 electrodynamics. A^7 is associated with a Dirac 6-brane stemmed from 
the 5-brane. Here we shall not elaborate this version in more detail, and will consider 
the formulation where the dual six-form field A^ is explicitly present. Note that there 
exists a corresponding version of D = 11 supergravity || where both the A^ and A^ 
field enter the action in a duality-symmetric form. 

We have thus constructed the complete worldvolume action for the five-brane coupled 
to a bosonic background of D = 11 supergravity 

S = / d%(- yj- det(g mn + ~5*~) + ^-H* mn H mn ) - [ \(A® + dB® A A®). (17) 
J 4 J M§ / 
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A novel feature which we have observed is that the local worldvolume symmetries of 
the 5-brane responsible for its self-duality properties require the presence in the action 
of the Wess-Zumino term for the D — 11 gauge field coupling to be consistent. In 
the case of all other superbranes that has been a prerogative of K-symmetry of the full 
supersymmetric action. 

In the present case, when all terms of the 5-brane action have been completely fixed 
already at the bosonic level it is straightforward to generalize it to a supersymmetric 
action describing a five-brane propagating inaD= 11 supergravity background fil| p| . 
For this we should only replace D — 11 background fields E-(X), A^ 3 \X) and A^(X) 
with corresponding superforms in target superspace parametrized by supercoordinates 
Z M = (X—,Q a ), where Q a is a 32-component Majorana spinor. Thus, the target-space 
supersymmetric action for the 5-brane is the same as eq. (|T7|), but where now 



9mn(y) — d rn Z M E a M Ea N d n Z N , — d m Z M E^, 

= A MlM2M3 dZ M ^y)dZ M ^y)dZ Ah (y), 

A (6) = A Ml ... M6 dZ M «(y)...dZ M ^y). (18) 

The differential superforms in flT8] ) are Grassmann supersymmetric (i.e. antisymmetric 
with respect to bosonic coordinates and symmetric with respect to fermionic coordinates). 

An important and tricky point has been to check that the supersymmetric action (|T7| ) 
possesses also a worldvolume fermionic K-symmetry, and hence describes BPS 5-brane 
configurations preserving half the D = 11 supersymmetry. The experience of studying 
other super-p-branes prompts us that the K-symmetry variation of worldvolume fields 
should be of the following form 

i K E a = 5 K Z M E a M = (1 + f i K E* ee b K Z M E% = 0, 

5g mn = -AiEf m {T n} ) aP i R E^ 8H® = -i K dA®, 5 K a(v) = 0, (19) 

where n a (y) is a fermionic parameter, i K denotes the contraction of form components with 
S K Z M , r mi ... mp denotes an antisymmetric product of p D = 11 gamma-matrices pulled 
back into the d=6 worldvolume, i.e. T m = T aE^iZ \y)) , and 1 + T(y) is a projector 
matrix with P 2 = 1. Therefore, only 16 components of the 32-component parameter 
K a (y) effectively participate in the transformations (|T§|), and this reflects the fact that 
half the 32 supersymmetries of a D = 11 vacuum are broken because of the presence of 
the 5-brane. 

It turns out that T is not uniquely defined. So the proof of K-invariance becomes a 
relatively simple technical problem when an appropriate form of the projector 1 + T(y) is 
found. The following T appears to be the most suitable one 
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-det(g mn + H* m 



> m r m )rX + ^ (v m T m )T n PH* np 



+ i(v m r TO )r il ... i8 e mi - m6 ^ 



(20) 
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where (note that t m v m = 0) 



.m _ 1 f .mn 1 n 2 piP2q fr* fr* (n-i\ 
1 ~o L n n 1 n 2 rL VzV^ V 1 V Z1 / 



As common to all super-p-branes the /^-symmetry of the brane action requires the 
background superfields to satisfy constraints. In our case the /t-symmetry is compatible 



with D = 11 supergravity constraints (see, for example, |12|) which put the background 
on the mass shell 

Trg = — zT^q (torsion components), 
dA^ = ^ E-E-E a E 13 ( Tab) a/3 + E-E-E-E-F^^ 

dA (G) _ A^dA {3) = 2 -E^ . . . E- 5 E a E (3 (T a ... a ) a0 + -E^ . . . EPF™ a , (22) 
5! — 1 — ^ 7 ! —7"'—i 

where the purely vector vielbein components of the field strengths of the superfields A^ 
and A^ are Hodge dual to each other F^ = *F^ as in the bosonic case ([15]). 
When target superspace is flat, then, in agreement with the constraints (f2~2D 



E± = dX± + idQT^e, E a = d& a , F m ... m = F m .„ m = 0. (23) 



The explicit form of A^ and A^ in flat D = 11 superspace is rather complicated |13|, 14] . 
Fortunately it is not required for further analysis of the 5-brane action. 

Having constructed the action one should check whether it really describes the 5- 
brane which we are interested in, i.e. the 5-brane of M-theory. For instance, whether the 
action (|H]) reduces to an action for a Dirichlet 4-brane of type IIA superstring theory 
upon the double dimensional reduction, when one of the 5-brane coordinates is wrapped 
around the compactified direction of D = 11 space-time. This has been checked in several 
papers || [|, |ll], |l5j. It was shown that upon the dimensional reduction one gets a dual 
formulation of the D4-brane, where instead of a vector gauge field A^ (i=0,l,...,4) the 
D4-brane carries a two-form field Bij. On the mass shell the field strength of A^ and 
are related by d = 5 Hodge duality F^ = H*- = ^e i jk 1 k 2 k 3 H klk2k3 . The standard form 
of the D4-brane action is recovered upon an (anti)dualization procedure, discussed, 
for instance, in HIT . 



A duality relation of a 5-brane compactified on K3 with a heterotic string compactified 
on a torus was considered in [|TB] . 



When performing the dimensional reduction of the 5-brane action, it is convenient to 
make use of the local symmetry @ associated with a local shift of the auxiliary field a(y) 
and identify a(y) with compactified coordinates, for instance, X 10 = y 5 = a. In this gauge 
one straightforwardly observes that a(y) disappears from the covariant ten-dimensional 
D4-brane action. 

Another interesting question is what kind of D = 11 superalgebra is generated by 5- 
brane Noether currents associated with supertranslations in flat D = 11 superspace. This 
analysis was carried out in |T!| and it was shown that the 5-brane Noether supercharges 
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Q a , Pm form the most general supertranslation algebra in eleven dimensions called the 
M-theory superalgebra 

{Qa, Qp} = (r°r^) a/3 p„ + i(r°r^)^z_ + ^(r ^-^)^...^, (24) 

where Z mn and are a two-form and a five-form central charge. (We use the Ma- 

jorana representation of the 7-matrices where T plays the role of the charge conjugation 
matrix) . 

A usual assertion concerning the nature of these central charges is that the two-form 
Z mn is associated solely with an "electric" membrane minimally coupled to the three-form 
potential via the membrane Wess-Zumino term J M . And the five-form charge 
is associated with a magnetically dual 5-brane minimally coupled to the 6-form potential 
A^\ However, the structure of the 5-brane action tells us that the 5-brane couples to 
both A^> and A^ and, hence, is a dyonic object, which carries both the two-form and 
the five-form charge. And these charges appear on the right hand side of the superalgebra 
of the 5-brane Noether charges. Let us consider this in more detail. 

To get the form of the supersymmetry generators Q a as Noether charges, one applies 
the standard Noether prescription, which in our case consists in performing the variation 
of the action with respect to supersymmetry transformations in flat target superspace and 
taking into account that the Wess-Zumino term is invariant only up to a total derivative 



5S WZ = f %de{2A b - A 2 A# (3) ). 

J Mr 



>M 6 

The supersymmetry variations of fields have the following form: 

50 = e, 5X^ = teT^e, 5B {2) = ieA 2 , 

5A {3) = id(eA 2 ), 5A (6) = 2id(eA 5 ) + id{eA 2 ) A dA {3) , (25) 

where A p (p=l,5) are spinor valued p- forms whose relevant leading terms in 6-expansion 
are 

a p = -r mi ... m edx**...dxe* + ... (26) 

pi — p 

Note that the worldvolume gauge field transforms nontrivially under D = 11 super- 
symmetry, its variation being proportional to the worldvolume pullback of A 2 . This is 
required for the field strength = dB^ — A^ to be super invariant. Therefore, the 
supercharge generator must act on the field B^ nontrivially. This is reflected in the form 
of the Noether supercharge 

Qa = if d 5 a [(tt + i8WJ a + t(V^ + i/T°^)(A 2 il2 ) a - i^- <B (A? ... iB ) «] .(27) 

where the integral is taken over a 5-brane surface (i = 1, ...,5), and Tc a , Vm and V n%2 
are canonical conjugate momentum densities of Q a , X— and Bij, respectively. They are 
defined as corresponding variations of the Lagrangian jM^, with respect to field velocities. 
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We see that the form of the supercharge Q a is different from the one which we get 
accustomed to in the superfield theory or in the case of ordinary super-p-branes. It 
contains the standard term with the 0- and X-momentum, and it also contains the 
canonical momentum density of the gauge field B^, and two other terms. These last two 
terms appear in Q a because of the noninvariance of the Wess-Zumino part of the 5-brane 
action (|TTD. Note that Noether supercharges of the type II D = 10 Dirichlet branes should 
have the analogous structure and contain a contribution of the worldvolume momentum 
of the vector gauge field, since it also varies under supersymmetry transformations f2(J . 

Taking the anticommutator of two 5-brane supercharges we obtain that it reproduces 
the r.h.s. of the M-theory superalgebra (|24|) with P^, Z mn and Y— i-— 5 having the 
following form 

Prn= [ d 5 aVrn, (28) 



-2 / dX^ A dX^ A (V* {3) + \dB {2) ) = - [ dX^ A dX^ A dB {2 \ (29) 
Jm 5 4 Jm 5 

Y m-ms = f dX'^ . . . dX^. (30) 

J Ms 



The last expression in (|29|) for the two-form central charge is obtained by an explicit 



computation of the dual momentum density of the gauge field B^ 

1 5L 1 

2 £ili2i3i4is 5d B^ ~ 4 



The easiest way to get this expression is to choose the temporal gauge a{y) = y° = t for 
the auxiliary field a(y) in the five-brane action (where r is a proper worldvolume time). 
Then the Dirac-Born-Infeld part of the action does not contribute to the definition of 
. We can also notice that eq. (|3l]) does not contain time derivatives and hence is a 
Hamiltonian constraint which reflects the self-duality of B^ 2 \ A complete Hamiltonian 
for the M-5-brane was recently constructed in [FIT] . 



Note that only half value of is due to the contribution of the Wess-Zumino term, 
and another half comes from the if^-quadratic term of the 5-brane action (|l7|). In the 
case of all other branes the central charges in superalgebras are associated solely with 
corresponding Wess-Zumino terms. 

From the expressions (^) and ( p0[) for Z and Y we see that (in accordance with a 
general observation Jl3|) they are topological charges which are non-zero only for topolog- 
ically nontrivial configurations of the 5-brane worldvolume and the self-dual gauge field. 
For instance, = dB^ should be closed but not exact. A simple example is an infinite 
planar five-brane in flat D — 11 space-time with dB^ being a constant three-form. 

Another observation one can make is that the form of the ^-symmetry projector 
(PD|) is similar to the r.h.s. of the M-theory superalgebra (|2"1|). This similarity is not 
accidental. It reflects the fact that ^-symmetric 5-brane configurations preserve half the 
supersymmetry of the D = 11 vacuum and prompts a general form of the corresponding 
M-theory superalgebra projector. The structure of this projector is easy to understand 
with the example of a planar five-brane stretched along first five coordinates of D = 11 
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space-time y l = X 1 (i = 1,...,5), y° = X° = a(y) and having a constant gauge field 
strength B.^. Then the two-form and the five-form central charge have the following 
densities per spatial unit volume of the 5-brane 



-H* 



From the similarity with the K-symmetry projector (pPf ) we derive that this 5-brane 
configuration will preserve 1/2 supersymmetry if its energy density is equal to the DBI 
Lagrangian and it has a non-zero spatial momentum 



det ((% + #*•), P l 



1 



3132 3334' 



(33) 



Note that these are exactly the values of the components of the canonical momentum of 
the planar 5-brane derived from the variation of the 5-brane Lagrangian with respect to 
the 5-brane velocity 8qX— 



p 



5L 



- 

We see that this BPS 5-brane configuration is not static and moves along a direction 
orthogonal to H*^ . From the point of view of intersecting branes this single 5-brane 
configuration with non-zero chiral field can be interpreted as a system of a purely magnetic 
5-brane (with = 0) and of two intersecting membranes moving inside the 5-brane in 
a direction orthogonal to both of them. 

Let us now turn to the consideration of 5-brane equations of motion which follow 
from the action (|TTD and compare them p2 with 5-brane equations which arise in a 
superembedding approach to the description of on-shell worldvolume dynamics of the 
5-brane [ |23|j . 

The action ( |T7| ) yields the following equations for the fields B mn (y), X m (y) and Q a (y), 
respectively: 

mi 



1 1 mnp u 



TT* 

ran 



\tr{H*fH* m 



r*\3 

I mn 



L 



DBI 



(34) 



'-g 



Tran 7~j rp a_ 

_ rpa _ ^ ( rpa fr pa T?n fr 

g| mg-nii (3H' v mQm^m^-n- m^m2ra\ TOsmsrn.i ' s 



where 



rpr, 



-4 5S 
^g 8g mr , 



= E m J m (l-f). 



^DBI - -^tl mn tl 



-H mpq H* n pq 



is an "energy-momentum" tensor of the 5-brane, and 



(35) 
(36) 

(37) 



jm = T mn T n + 2T m T (6) _ H *mnp Tn ^ J™(1 + F ) = 0, p(6) 



^■V-g& 



.mi...ra«i 



m\...m§ ■ 

(38) 
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Remember that E^(X, 9) and E^(X, 0) are components of a D = 11 supervielbein pulled 
back into the 5-brane worldvolume, and in a flat D=ll superspace = d m X-+id m QT-Q 
and E% = d m Q a . 

The annihilation of J m by 1 + V and, hence, the presence of the projector 1 — V in 
the G-equaiton ([36]) is a consequence of ^-symmetry. An alternative form of the 5-brane 
equations of motion was derived in p|] not from an action but by applying the superem- 



bedding approach to the description of the 5-brane as a supersurface embedded into 
D = 11 curved target superspace. The embedding is specified by a geometrical condi- 
tion which contains dynamical 5-brane equations as its consequences. The - field 
equation, or a self-duality condition, is: 

H m np 3<9[ m -6 n pj -^-mnp 4(?Ti ) m hlnpi (39) 

4 

n mnp — ^_ Ifrfciy m ln P> 

where h mnp = h* mnp is an auxiliary self-dual tensor field, which is present in the covari- 
ant superembedding approach instead of the scalar field a(y) (or v m (y)) of the action 
formulation, and 

m>mn 9mn ^h m ^h n pq = (j mn ~\~ 2,k mn . (40) 

The X— (?/)— field equation has the following form 
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1 _ |t r A: 2 " 

-F- - (F- H — E-F n H ) (11) 



and the a (y) equation is 

= 0, (42) 

where 

J m = (1 - f T )r n m n m (l - -/i" p T np9 ), J m (l + f) = 0, (43) 

(f Q/3 ) T = f> a , f = + \h n ™T npq , (f) 2 = I. (44) 

The matrix 1 + f plays the role of a ^-symmetry projector analogous to that of 1 + f 
(eqs. (P"9"|), (|2"0|)) in the action formulation. Note that eq. ( [4*2] ) is invariant under the 
following transformations 

8 h Z M Eh = (1 + f = + f T y • (45) 

To establish the relationship between the equations ("34[)-([3^) and ([3!^)-(|43|) p2| one 
should, for example, eliminate h mnp from (|31"^-(|"1"3"|) and replace it with H^ n = v p , 
or vice versa. This can be done by use of eqs. ([59) and the identity 



1 ^mnlpqr 

X mnl = _^ VpX * s _ 3v [m X nl] v p ^ 

2 V— 9e 
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which is valid for any d = 6 three-form field. Then it can be shown || that upon algebraic 
manipulations eqs. (|39|) , fl46|) produce the self-duality condition fl34l) . The similarity of 
the AT-field equations implies that 



2(m 2 ) mn 

T mn - 1 ' ('47) 

" 1-1^2' ^> 

which can be checked directly To relate the 0-equations ( |36|) and (0) one should notice 
that the two projectors satisfy the identity 

l + f 1 + f _ 1 + f 
2 2 ~ 2 

This implies that J m of (|36|) and ( |38l) is annihilated by both these projectors 

J m (l + f) = J m (l + f) = 0, 

and, hence, transformations (|45|) can play the role of ^-symmetry transformations instead 
of ([19]). This demonstrates that the K-symmetry projector is not uniquely defined. 

To complete the relationship of the O-equations (|36|) and (|42|) one should just check 
that 

J™ ( l-f) = J™(l-f) = - r -^>, 



from which it follows that eqs. (p6|) and ( |42|) coincide up to a nonvanishing scalar factor. 



We have now demonstrated that the 5-brane equations of motion obtained from a 
priori different approachs are the same, which testifies to the fact that they indeed describe 
classical dynamics of one and the same extended object. In this respect it would be of 
interest to understand more profound relationship between the two 5-brane formulations. 

We have also seen that the Noether supercharges derived from the 5-brane action 
generate the M-theory superalgebra with both the 2-form and the 5-form central charge, 
and that the knowledge of the action allows one to obtain the explicit form of these 
topological charges in terms of 5-brane coordinates and the worldvolume gauge field. 

As has been shown in [|, || the 5-brane action admits a nonlocal coupling to a D = 11 
supergravity action, which might be useful for studying anomalies of M-theory in the 



presence of M-branes flq, 25, 26 



Finally, recently the 5-brane action was used to construct a new interacting d=6 
conformal field theory described by a gauge-fixed worldvolume action of a 5-brane prop- 
agating in a D = 11 baground of anti-de-Sitter geometry |2"7fl . This fits into a picture 



where branes appear as boundaries of anti-de-Sitter superspaces and produce p + 1- 
dimensional super conformal field theories dual in a certain sense to p + 2-dimensional adS 
super gravities. 

An interesting and important problem is the quantization of the five-brane and, in gen- 



eral, the quantization of the self-dual fields |25] . Here the problem of covariance appears 



once again. In the approach considered above it is caused by topological piculiarities of 
the field a(x), and by the necessity to gauge fix a(x)-field symmetry (||), which in general 
breaks manifest space-time covariance of the action, as the temporal or the spatial gauge 
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does. Therefore, after quantization one should check once again that quantum theory is 
space-time invariant. Recently an SL(6, Z) modular invariant partition function for the 



M5-brane compactified on a six-torus was computed in [28 
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